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FOREWORD 

T h i s  Monograph w a s  produced i n  a p i l o t  program a t  Oklahoma 

Sta te  U n i v e r s i t y  i n  S t i l l w a t e r ,  Oklahoma, under  c o n t r a c t  t o  t h e  

NASA O f f i c e  of Technology U t i l i z a t i o n .  The program w a s  o rgan ized  

t o  de t e rmine  t h e  f e a s i b i l i t y  of p r e s e n t i n g  t h e  r e s u l t s  of r e c e n t  

r e s e a r c h  i n  NASA L a b o r a t o r i e s  and under  NASA c o n t r a c t  i n  a n  educa- 

t i o n a l  format  s u i t a b l e  a s  supplementary mater ia l  i n  c l a s swork  a t  

e n g i n e e r i n g  c o l l e g e s .  The Monograph may r e s u l t  from e d i t i n g  s i n g l e  

t e c h n i c a l  r e p o r t s  o r  s y n t h e s i z i n g  s e v e r a l  t e c h n i c a l  r e p o r t s  r e s u l t -  

i n g  from N A S A ' s  r e s e a r c h  e f f o r t s .  

Fol lowing  t h e  p r e p a r a t i o n  of  t h e  Monographs, t h e  program 

i n c l u d e s  t h e i r  e v a l u a t i o n  as  e d u c a t i o n a l  mater ia l  i n  a number o f  

u n i v e r s i t i e s  t h roughou t  t h e  coun t ry .  The r e s u l t s  of t h e s e  i n d i v i d u a l  

e v a l u a t i o n s  i n  t h e  c l a s s room s i t u a t i o n  w i l l  be  used t o  h e l p  de te rmine  

i f  t h i s  procedure  i s  a s a t i s f a c t o r y  way of s p e e d i n g  r e s e a r c h  r e s u l t s  

i n t o  e n g i n e e r i n g  e d u c a t i o n .  

ABSTRACT 

Methods f o r  c a l c u l a t i n g  t h e  mass f low of r e a l  g a s e s  through 

c r i t i c a l - f l o w  n o z z l e s  a r e  p resen ted  by:  (1) e q u a t i o n  d e r i v a t i o n s  

for t h e  en t ropy-en tha lpy  ba lances  and t h e  i s e n t r o p i c - e x p o n e n t  methods,  

( 2 )  t a b u l a t i o n s  of thermodynamic pr -oper t ies  f o r  c r i t i c a l - f  low condi -  

t i o n s  of s t eam,  (3) problem on a p p l i c a t i o n  of t a b u l a t e d  d a t a  i n  t h r u s t  

c a l c u l a t i o n ,  and ( 4 )  problem on e v a l u a t i o n  of thermodynamic c r i t i c a l -  

flow p r o p e r t i e s  of f l u i d s  r e p r e s e n t e d  by the  Redlich-Kwong Equa t ion  

o f  S t a t e .  

ii . 



INSTRUCTOR S GUIDE FOR MONOGRAPHS 

1. Educa t iona l  l e v e l  of t h e  Monograph--Senior o r  beg inn ing  
g r a d u a t e  l e v e l .  

2. P r e r e q u i s i t e  c o u r s e  mater ia l - -The cour se  material r e q u i r e d  
f o r  t h i s  Monograph c o n s i s t s  of I n t r o d u c t o r y  M a t e r i a l  i n  Thermodynamics, 
I n t r o d u c t o r y  Material i n  D i f f e r e n t i a l  Equa t ions  and I n t r o d u c t o r y  
M a t e r i a l  i n  F l u i d  Mechanics. 

3. Est imated  number of l e c t u r e  p e r i o d s  required--One hour of 
l e c t u r e .  

4. Techn ica l  s i g n i f i c a n c e  of t h e  Monograph--The m a t e r i a l  p r e s e n t e d  
i n  t h i s  Monograph r e p r e s e n t s  the  most conven ien t  r i g o r o u s  t echn ique  f o r  
t h e  s o l u t i o n  of r e a l - g a s  c r i t i c a l - f l o w  problems. Thermodynamic methods 
have been applied t o  t h e  developments of t h e  e q u a t i o n s  and p rocedures  
f o r  c a l c u l a t i n g  t h e  a c o u s t i c  v e l o c i t y  ob ta ined  a t  t h e  t h r o a t  of a 
c r i t i c a l - f l o w  nozz le  a f t e r  i s e n t r o p i c  expans ion  of t h e  g a s .  A t a b u l a -  
t i o n  of thermodynamic p r o p e r t i e s  of s team a t  c r i t i c a l - f l o w  is i n c l u d e d .  
I n  a d d i t i o n  t o  c r i t i c a l - f l o w  v e l o c i t i e s ,  i s e n t r o p i c  exponents  f o r  t h e  
expans ion  p r o c e s s  a r e  inc luded  f o r  s team.  By u s i n g  t h e  same t e c h n i q u e s  
d e s c r i b e d  h e r e i n  and i l l u s t r a t e d  f o r  steam, s i m i l a r  in fo rma t ion  can be 
o b t a i n e d  for o t h e r  gases .  

5 .  New concepts  or unusual  concep t s  i l l u s t r a t e d - - T h i s  Monograph 
p r e s e n t e  useful e n g i n e e r i n g  methods and d a t a  t h a t  have a p p l i c a t i o n s  i n  
r e a l - g a s  me te r ing  c a l c u l a t i o n s .  

6.  How Monographs can b e s t  be used-- 

a )  I t  i s  sugges ted  t h a t  approximate ly  a one hour l e c t u r e  
be g iven  over  the  Monograph m a t e r i a l .  

b) It is  sugges ted  tha t ,  t h e  c l a s s  be a s s igned  a home problem 
s i m i l a r  t o  t h e  two i n d i c a t e d  a t  t h e  end of t he  Monograph, 
one of which i n v o l v e s  t h e  use  of a d i g i t a l  computer whi le  
t h e  o t h e r  can be  so lved  e a s i l y  wi th  a s l i d e  r u l e .  

c )  I f  p o s s i b l e ,  t h e  s t u d e n t s  should  be  a l lowed t o  compare 
t h e  r e s u l t s  of t h e i r  c r i t i c a l - f l o w  s o l u t i o n  t o  a problem 
so lved  by t h e  exponent t echn ique .  

7 .  Other  l i t e r a t u r e ,  B r i e f s  o r  Monographs of in te res t - -"F 'unc t ions  
f o r  t h e  C a l c u l a t i o n  of Entropy,  En tha lpy ,  and I n t e r n a l  Energy f o r  Real  
F l u i d s  Using Equa t ions  of S t a t e  and S p e c i f i c  Heats" ,  J. G. Hust and 
A. L. Gosman; llAdvances i n  Cryogenic Engineer ing" ,  Vol. 9 (1963); 
I1Equations , Tab les  and C h a r t s  f o r  Compressible  Flow", by Ames Research 

iii 



7 .  Continued-- 
S t a f f ,  NACA Report  1135 (1953) ;  IITables of Thermodynamic and Transpor t  
P r o p e r t i e s  of A i r ,  Argon, Carbon Dioxide,  Carbon Monoxide, Hydrogen, 
N i t rogen ,  Oxygen and Steam", by Joseph H i l s e n r a t h ,  e t  a l . ,  Pergamon 
P r e s s  (1960) ;  "The Dynamics and Thermodynamics of Compressible F l u i d  
Flowt1, A .  H. Shapi ro  , Ronald P res s  ( 1954) ; 11Thermodynamics81, Gordon J. 
Van Wylen, John Wiley and Sons (1959)  ; I'Applied Hydrocarbon Thermody- 
namicst t ,  W. C .  Edmis te r ,  Gulf Pub l i sh ing  Company (1961) .  

8. Other  r e p o r t s  reviewed by t h e  e d i t o r  i n  p r e p a r i n g  t h i s  
Monograph--Wri t ical  Flow Meters f o r  t h e  Measurement of  Mass Flow Rates  
of Gases", B. T. Arnberg,  Un ive r s i ty  of Colorado,  Con t rac t  57-10194, 
A F  04(645)-56; "Review of C r i t i c a l  Flowmeters f o r  G a s  Flow Measurements", 
B .  T. Arnberg, Paper  52-WA-177, ASME (1962) ;  *IMaximum Steam Flow Through 
P i p e s  t o  t h e  Atmospheret1, Russe l l  James, The I n s t i t u t i o n  of Mechanical 
Eng inee r s ,  Vol. 178,  P a r t  1, No. 18, pp. 473-482 (1963-64).  

9. Who t o  c o n t a c t  f o r  f u r t h e r  information--Technology U t i l i z a t i o n  
O f f i c e r ,  Lewis Research Center ,  Cleve land ,  Ohio. 

10. Note t o  I n s t r u c t o r :  A l l  uncolored pages of t h e  i n s t r u c t o r s  
Monograph a r e  i n  t h e  c o p i e s  in tended  f o r  s t u d e n t  u s e .  
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Two f u n c t i o n s  of t h e  mass v e l o c i t y  a t  t h e  nozz le  t h r o a t  

have been d e f i n e d  as  l l c r i t i c a l - f l o w  f u n c t i o n s f l .  Murdock and Bauman 

( 3 )  used t h e  fo l lowing .  

G To1’2 
p l =  

0 
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CRITICAL FLOW THROUGH NOZZLES 

I n  f lowing  from a plenum chamber through a nozz le  wi th  

n e g l i g i b l e  back  p r e s s u r e ,  gases  w i l l  r e a c h  a c r i t i c a l - f l o w  c o n d i t i o n  

of a c o u s t i c  v e l o c i t y  a t  t h e  t h r o a t  of t h e  n o z z l e .  The c a l c u l a t i o n  

of flow c o n d i t i o n s  i n  t h e  nozzle  t h r o a t ,  from t h e  g a s  p r o p e r t i e s  and 

t h e  plenum c o n d i t i o n s ,  is an  impor tan t  and i n t e r e s t i n g  problem i n  

thermodynamics,  as is evidenced by p r e v i o u s  i n v e s t i g a t i o n s  ( 1 , 2 , 3 , 4 , 5 ) .  

For p e r f e c t  g a s e s ,  t h e  c a l c u l a t i o n  of t h e  c r i t i c a l  f l ow 

p r e s s u r e ,  t empera tu re ,  d e n s i t y ,  v e l o c i t y , a n d  mass-flow f u n c t i o n  i s  

a s imple  problem i n v o l v i n g  t h e  use  of t h e  h e a t - c a p a c i t y  r a t i o ,  

k = C /C f o r  t h e  p e r f e c t  g a s .  For  r e a l  g a s e s ,  t h e s e  c o n d i t i o n s  

are found by c a l c u l a t i o n s  made wi th  r e a l - g a s  e q u a t i o n s  o f  s t a t e ,  a s  

w e l l  a s  t h e  i d e a l - g a s - s t a t e  hea t  c a p a c i t i e s .  

P v’  

The thermodynamic c a l c u l a t i o n s  a r e  made f o r  one-dimensional,  

i s e n t r o p i c  expans ion  o f  t h e  gas  from t h e  s t a g n a t i o n  c o n d i t i o n s  of 

t h e  plenum t o  t h e  c r i t i c a l - f l o w  p o i n t ,  which i s  t h e  p o i n t  a t  which 

t h e  gas  v e l o c i t y  is equa l  t o  the  v e l o c i t y  of sound,  i . e . ,  a Mach 

Number of u n i t y .  For the  r e v e r s i b l e  and a d i a b a t i c  c o n d i t i o n s  of t h i s  

i n i t i a l  v e l o c i t y ,  t h e  f i n a l  v e l o c i t y  is c a l c u l a t e d  from t h e  k i n e t i c  

energy  produced by t h e  dec rease  i n  en tha lpy  d u r i n g  t h e  i s e n t r o p i c  

expans ion ,  assuming no change i n  chemical  composi t ion  and no p o t e n t i a l -  

energy  change.  The v e l o c i t y  of sound i n  t h e  g a s  a t  t h e  t h r o a t  

c o n d i t i o n s  is  c a l c u l a t e d  from the  f i r s t  d e n s i t y  d e r i v a t i v e  of 

p r e s s u r e  f o r  t h e  expans ion  i s e n t r o p e , e v a l u a t e d  a t  t h e  t h r o a t  condi -  

t i o n s .  



2 

2 
where: G = mass-flow per  u n i t  a r e a ,  l b  / f t  s e c  m 

T = plenum tempera tu re ,  O R .  

P = plenum p r e s s u r e ,  l b f / f t  , psf  2 0 

0 

Johnson ( 5 )  used t h e  f o l l o w i n g  l l c r i t i c a l - f l o w  func t ion1 '  

These two c r i t i c a l - f l o w  f u n c t i o n s  d i f f e r  by a c o n s t a n t  f a c t o r ,  

(R/gc I l l 2 .  C*  is d imens ionless .  

THERMODYNAMIC EQUATIONS FOR CRITICAL FLOW 

The v e l o c i t y  i n c r e a s e  du r ing  one-dimensional  f low of a 

cons t an t - compos i t ion  g a s  mixture  through an  a d i a b a t i c  n o z z l e ,  f o r  

which t h e  work 

l a t e d  from t h e  

A H =  

and p o t e n t i a l  energy te rms  a r e  z e r o ,  may be c a l c u -  

e n t h a l p y  change, as f o l l o w s  

(3) 

Equat ion  3 a p p l i e s  t o  b o t h  i s e n t r o p i c  and p o l y t r o p i c  ( i . e . ,  r e v e r s i b l e  

and i r r e v e r s i b l e )  expans ion  p rocesses .  I t  is a p p l i c a b l e  t o  t h e  cal-  

c u l a t i o n  of c r i t i c a l - f l o w  v e l o c i t i e s .  

From t h e  first l a w  of thermodynamics f o r  a r e v e r s i b l e  and 

a d i a b a t i c  p r o c e s s ,  f o r  which the work and p o t e n t i a l  energy  terms a re  

z e r o ,  AH may be  found a s  f o l l o w s .  

where: P, = t h r o a t  p r e s s u r e ;  P = plenum o r  s t a g n a t i o n  p r e s s u r e  

T h i s  e x p r e s s i o n  f o r  AH can  be s u b s t i t u t e d  i n t o  Equat ion  3 t o  

g i v e  

0 



3 

E q u a t i o n  5 is l i m i t e d  t o  r e v e r s i b l e  and a d i a b a t i c  ( i . e . ,  i s e n t r o p i c )  

expans ion  p r o c e s s e s  on ly .  

The f low v e l o c i t y  i n  a r e v e r s i b l e  and a d i a b a t i c  n o z z l e  may be 

found by a p p l y i n g  Equa t ion  3 o r  5 t o  a n  i s e n t r o p i c  expans ion .  T h i s  

i s e n t r o p i c  p a t h  is de termined  by a d d i t i o n a l  c a l c u l a t i o n s ,  u s i n g  h e a t  

c a p a c i t i e s  and an e q u a t i o n  of  s ta te  t o  f o l l o w  a c o n s t a n t - e n t r o p y  p a t h .  

Entha lpy  d i f f e r e n c e s  f o r  Equat ion  3 a r e  e v a l u a t e d  from h e a t  

c a p a c i t i e s  and a n  e q u a t i o n  of s t a t e  for t h i s  c o n s t a n t - e n t r o p y  p a t h ,  

us’ing t h e  same h e a t  c a p a c i t i e s  and e q u a t i o n  of s t a t e  t h a t  were used 

i n  making t h e  en t ropy-ba lance  c a l c u l a t i o n s  a 

The r eve r s ib l e -expans ion -work  calculla t i o n  i n  Equat ion  5 i s  made 

by u s i n g  t h e  i s e n t r o p i c  exponent f o r  t h i s  c o n s t a n t - e n t r o p y  expans ion  

p a t h ,  i . e . ,  t h e  same exponent used t o  f i n d  t h e  nozz le  t h r o a t  c o n d i t i o n s .  

These a l t e r n a t e  c a l c u l a t i o n  p r o c e d u r e s ,  i . e . ,  v i a  en t ropy  and 

e n t h a l p y  b a l a n c e s  and v i a  t h e  i s e n t r o p i c  exponen t s ,  w i l l  g ive  a nozz le-  

t h r o a t  v e l o c i t y  t h a t  i s  a t  c r i t i c a l  o r  bellow. C r i t i c a l - f l o w  c o n d i t i o n s  

i n  t h e  n o z z l e  t h r o a t  are  determined by a n  a d d i t i o n a l  c a l c u l a t i o n  based 

upon t h e  r e l a t i o n s h i p  f o r  t h e  v e l o c i t y  of  sound i n  a g a s  and t h e  

r equ i r emen t  t h a t  a Mach-One c o n d i t i o n  e x i s t ,  namely 

( 6  1 ,1/2 u, = c ,  = r g  C O P / W ) ~ ~  

where: c = v e l o c i t y  of  sound. 

Equa t ion  6 c o n d i t i o n  must be s a t i s f i e d  i n  e i t h e r  c a l c u l a t i o n  method, 

i . e . ,  by t h e  en tha lpy -en t ropy  procedure  or by t h e  i s e n t r o p i c - e x p o n e n t  

p rocedure .  For  a p p l i c a t i o n  i n  t h e s e  t w o  methods, Equat ion  6 is 

t ransformed i n t o  a p p r o p r i a t e  f o r m s .  

The b a s i c  p r i n c i p l e s  of t h e s e  two methods and t h e  e q u a t i o n s  

a r e  o u t l i n e d  n e x t .  Basic r e l a t i o n s h i p s  f o r  b o t h  vo lume-exp l i c i t  and 

p r e s s u r e - e x p l i c i t  e q u a t i o n s  of s t a t e  a re  i n c l u d e d .  I n t e r r e l a t i o n s h i p s  

between t h e  two methods a r e  shown. 
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ENTHALPY-ENTROPY METHOD 

I n  t h e  en tha lpy -en t ropy  method of p r e d i c t i n g  t h e  c r i t i c a l  

f l o w  v e l o c i t y  and p r o p e r t i e s ,  an i s e n t r o p i c  expans ion  p a t h  is 

fo l lowed ,  i n  t h e  c a l c u l a t i o n s ,  u n t i l  a p o i n t  of maximum f l u x  ( a t  

a c o u s t i c  or c r i t i c a l  v e l o c i t y )  is reached .  Th i s  can  be  done 

n u m e r i c a l l y  from d a t a  g iven  i n  t a b l e s  of thermodynamic p r o p e r t i e s ,  

s u c h  as t h e  steam t a b l e s ,  or i t  can  be done a n a l y t i c a l l y  wi th  h e a t  

c a p a c i t i e s  and an  e q u a t i o n  of  s ta te .  
-. 

Murdock and Bauman ( 3 )  obta ined  v a l u e s  of t h e  c r i t i c a l - f l o w  

f u n c t i o n  ( s e e  Equat ion  1) f o r  steam by a l l f low maximizat ion 

procedure" ,  i .e . ,  a t r i a l  method u s i n g  thermodynamic p r o p e r t i e s  

from t h e  steam t a b l e s .  Th i s  procedure is i l l u s t r a t e d  by a sample 

c a l c u l a t i o n  i n  F igu re  1, u s i n g  Keenan and Keyes s team t a b l e s  ( 6 ) .  

1' 1 I @ P1.07 o x  V S  px TO O E l E R M I N E  M A X I M U M  

0 4 1 6  

--04124 JMOOTH cunvc VALUC 

ndnd ---- 
ZOO0 2100 2200 2300 2400 2500 

P x  - P S I A  

ENTROPY 

Figure 1 :  FLOW MAXIMIZATION PROCEDURE OF MURDOCK AND B A U M A N  (3 1 
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The flow maximization, as illustrated in Figure 1, is limited 

to fluids, such as steam, for which tabulations of thermodynamic 

properties are available. For other fluids it is necessary to use 

analytical procedures, employing heat capacities and an equation 

of state. 

The equation-of-state calculation technique depends upon the 

type of equation of state available, i.e., volume-explicit o r  

pressure-explicit. For the volume-explicit case, the following 

expressions are integrated to determine the isothermal effects of 
pressure on the entropy and enthalpy. 

and 

With the pressure-explicit equation of state, the following expressions 

are integrated t o  determine the isothermal effects of volume, o r  

density, on entropy and enthalpy 

o r  

($1 T = (3 V 

Equations 10a and 10b are identities. 

pressure-explicit equation of state and the same results obtained. 
Equation 10a is more convenient, however, and is recommended as the 
preference. 

Both may be evaluated by a 
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The c a l c u l a t i o n  of t h e  e f f e c t s  of tempera ture  on t h e  en t ropy  

and e n t h a l p y  r e q u i r e  h e a t  c a p a c i t y  i n f o r m a t i o n .  If t h e  p a t h s  are 

chosen  c o r r e c t l y ,  i d e a l - g a s - s t a t e  h e a t  c a p a c i t i e s ,  Cp, can be used 

i n  c a l c u l a t i n g  t h e  e f f e c t s  of tempera ture  on en t ropy  and e n t h a l p y  

w i t h  e i t h e r  t ype  of i s o t h e r m a l  c a l c u l a t i o n s .  T h i s  i s  a convenience.  

0 

For c a l c u l a t i o n a l  purposes ,  t h e  lower p r e s s u r e  te rminus  of t h e  

i s e n t r o p i c  expans ion  p a t h  is reached by a n  a l t e r n a t e  route, a com- 

b i n a t i o n  of t h r e e  p a t h s .  Since en t ropy  and en tha lpy  a r e  e x a c t  

f u n c t i o n s ,  t h e i r  v a l u e s  depend upon p o i n t  c o n d i t i o n s  and a r e  inde-  

pendent  of t h e  r o u t e  fo l lowed.  The p a t h s  fo l lowed i n  t h e s e  

c a l c u l a t i o n s  a re  shown i n  F igure  2. 

- P a t h  A is  an i s o t h e r m a l  
expans ion  p r o c e s s  between 
t h e  plenum c o n d i t i o n s  and 
t h e  i d e a l  g a s  s t a t e  ( i . e . ,  
z e r o  d e n s i t y  o r  p r e s s u r e ) .  

P a t h  B is a c o o l i n g  
p r o c e s s  from To t o  T* 

PLENUM 
CON D I TlON \ 

--------- a t  t h e  i d e a l - g a s  s t a t e .  

P a t h  C is an  i s o t h e r m a l  
compression p r o c e s s  
between t h e  i d e a l - g a s  
s t a t e  and t h e  t h r o a t  

CON Dl TI ON 

ENTHALPY c o n d i t i o n s  . 
F ig .  2 .  PATHS FOR ENTROPY AND P a t h  D is t h e  i s e n t r o p i c  

ENTHALPY CALCULATIONS. expans ion  p rocess  between 
plenum and t h r o a t  c o n d i t i o n s .  

For  t h e  p r o c e s s e s  r e p r e s e n t e d  on F igu re  2 ,  t h e  fo l lowing  en t ropy  

and e n t h a l p y  b a l a n c e s  may be  w r i t t e n  

A S D  = asA i- + A s c = o  

and 
2 

AHD = AHA + 
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E q u a t i o n s  11 and 12  a p p l y  t o  both  t y p e s  of e q u a t i o n  of s t a t e  

c a l c u l a t i o n s .  With P a t h  B a t  t h e  i d e a l - g a s  s t a t e ,  t h e  e f f e c t s  of 

t e m p e r a t u r e  can  be found by i n t e g r a t i n g  t h e  f o l l o w i n g  

and 

The e n t r o p y  b a l a n c e  c a l c u l a t i o n s ,  made w i t h  Equa t ions  11 and 

13 and e i t h e r  Equa t ion  7 or 9 ,  i n v o l v e  f i n d i n g  t h e  lower p r e s s u r e  or 

d e n s i t y  r eached  a f t e r  an i s e n t r o p i c  expans ion  f o r  t r i a l  v a l u e s  of 

t h e  f i n a l  t e m p e r a t u r e ,  T,. A s e p a r a t e  c a l c u l a t i o n ,  t o  be  d i s c u s s e d  

l a t e r ,  is r e q u i r e d  t o  de te rmine  which of t h e s e  t r i a l  t e m p e r a t u r e s  

l e a d s  t o  a c r i t i c a l  f l o w  t h r o a t  v e l o c i t y .  

rn.. - 
lilt: eiiiiiaipy ~ a i ~ u i a i i o i i a ,  inalit: w i i i i  X q u a i i u I i s  12 arid i4 arid 

e i t h e r  Equa t ion  8 or 10, g i v e  t h e  AI! v a l u e s  f o r  t h e  i s e n t r o p i c  ex- 

pans ions  t o  t h e  t r i a l  f i n a l  t empera tu res .  With t h e s e  AH v a l u e s ,  t h e  

g a s  v e l o c i t i e s  are c a l c u l a t e d  by Equa t ion  12 .  The v e l o c i t y  of sound 

i n  t h e  g a s  a t  t h e s e  f low c o n d i t i o n s  is c a l c u l a t e d  by a p p l y i n g  Equat ion  

6 w i t h  t h e  same h e a t  c a p a c i t y  and e q u a t i o n  of s t a t e  i n f o r m a t i o n .  

V e l o c i t i e s  by Equa t ions  3 and 6 a r e  compared. When t h e s e  two v e l o c i t i e s  

a re  e q u a l ,  t h e  c r i t i c a l  f l o w  c o n d i t i o n  h a s  been found.  

The s o l u t i o n  of Equat ion  6 f o r  t h e  s o n i c  v e l o c i t y  r e q u i r e s  e v a l -  

u a t i n g  t h e  first d e n s i t y  d e r i v a t i v e  of p r e s s u r e  f o r  t h e  expans ion  

i s e n t r o p e .  There a r e  a l s o  two ways t o  do t h i s ,  one v i a  a vo lume-exp l i c i t  

e q u a t i o n  of s t a t e  and one v i a  a p r e s s u r e - e x p l i c i t  e q u a t i o n  of s t a t e .  

Both methods a re  p r e s e n t e d  f o r  comple t eness .  

Fo r  t h e  vo lume-exp l i c i t  c a s e ,  Equa t ion  6 is w r i t t e n  

- 1 - 1 (E) = - - P2 (:)= - gcv2 1 (q 
2 -  

g C  S g C  S 
C 

The p r e s s u r e  d e r i v a t i v e  of volume a t  c o n s t a n t  e n t r o p y  is t r ans fo rmed  
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and combined wi th  the  d e f i n i t i o n  of t h e  c o n s t a n t  p r e s s u r e  h e a t  

c a p a c i t y ,  C 

t o  g i v e  

= T(aS/aT)p,  and t h e  Maxwell r e l a t i o n  (aS/aP) 
P T = - ( a V / a T ) p  

combining Equat ions  15 and 16 g i v e s  

- -  1 --E[(;) 2 
+ .e,:] 2 

gC T cP c 

The p r e s s u r e  and t empera tu re  d e r i v a t i v e s  of volume can  be  computed 

from a vo lume-exp l i c i t  equa t ion  of s t a t e .  The h e a t  c a p a c i t y ,  C,, is  
r 

found by e v a l u a t i n g  a t  c o n s t a n t  t empera tu re  t o  

o b t a i n  

Equat ion  18 g i v e s  t h e  e f f e c t s  of p r e s s u r e  o n  t h e  h e a t  c a p a c i t y  a t  

c o n s t a n t  p r e s s u r e  and is a necessa ry  s t e p  i n  s o l v i n g  Equat ion  17 .  

By a conven ien t  c h o i c e  of t h e  i n t e r m e d i a t e  c o n d i t i o n s  f o r  t h e  a l t e r n a t e  

r o u t e  shown on F igure  2 ,  t h e  p r e s s u r e  e f f e c t s  on h e a t  c a p a c i t y  a r e  n o t  

i nvo lved  i n  t h e  en t ropy  and en tha lpy  c a l c u l a t i o n s ,  i . e . ,  Equat ions  7 

and 8.  

For  t h e  p r e s s u r e - e x p l i c i t  c a s e ,  t h e  s o l u t i o n  of Equat ion  6 

i n v o l v e s  e v a l u a t i n g  t h e  d e n s i t y  d e r i v a t i v e  of  p r e s s u r e  a t  c o n s t a n t  

e n t r o p y .  T h i s  i s  f i r s t  t ransformed and combined wi th  t h e  d e f i n i t i o n  

o f  t h e  c o n s t a n t  -volume h e a t  c a p a c i t y ,  

r e l a t i o n ,  (as/av), = (ap/aT)v 

= T(aS/aT)V, and t h e  Maxwell cV 
t o  g i v e  

(5) = (E) + - T 
S T P2CV WP 2 

( 1 9 )  
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combining Equat ions  6 and 19 g ives  

2 

The tempera ture  and volume d e r i v a t i v e s  of p r e s s u r e  a r e  e v a l u a t e d  

from a p r e s s u r e - e x p l i c i t  equa t ion  of s t a t e .  The h e a t  c a p a c i t y ,  
cV , 

is found by e v a l u a t i n g  a t  c o n s t a n t  tempera ture  

V 
t o  o b t a i n  

T 

Equat ion  21  g i v e s  t h e  e f f e c t s  of f l u i d  d e n s i t y  on t h e  h e a t  c a p a c i t y  

a t  c o n s t a n t  volume and is a n e c e s s i t y  i n  s o l v i n g  Equat ion  20 f o r  t h e  

v e l o c i t y  of sound. By a convenient  cho ice  of t h e  i n t e r m e d i a t e  

c o n d i t i o n s  f o r  t h e  a l t e r n a t e  r o u t e  shown on F igure  2 ,  t h e  d e n s i t y  

e f f e c t s  on h e a t  c a p a c i t y ,  i . e . ,  Equat ion  21, are n o t  needed i n  t h e  

en t ropy  and en tha lpy  c a l c u l a t i o n s  v i a  Equat ions  9 and 10. 

b 

The s i m i l a r i t i e s  and d i f f e r e n c e s  between Equat ions  17 and 20 

should  be no ted .  I n  a p p l y i n g  Equat ions  7 ,  8 ,  17  and 18, t h e  same 

vo lume-exp l i c i t  e q u a t i o n  of s t a t e  should  be used t o  o b t a i n  t h e  

volume and t h e  d e r i v a t i v e s  of volume. Likewise,  t h e  same p r e s s u r e -  

e x p l i c i t  e q u a t i o n  of s t a t e  should be used i n  o b t a i n i n g  t h e  p r e s s u r e  

and t h e  d e r i v a t i v e s  of p re s su re  i n  a p p l y i n g  Equat ions  9 ,  10, 20 and 

21. 

A f t e r  f i n d i n g  t h e  c r i t i c a l - f l o w  v e l o c i t y ,  mass v e l o c i t y  may 

be c a l c u l a t e d  as 

and t h e  c r i t i c a l - f l o w  f u n c t i o n ,  C * ,  can be eva lua ted  by Equat ion 2.  

The c r i t i c a l - f l o w  d e n s i t y ,  p,, is r e q u i r e d  i n  t h i s  computat ion and 

can  be found by t h e  same equa t ion  of s t a t e  used i n  making t h e  

en t ropy  and en tha lpy  c a l c u l a t i o n s .  
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ISENTROPIC EXPONENT METHOD 

I n  t h e  i s en t rop ic -exponen t  method of p r e d i c t i n g  t h e  c r i t i c a l  

f l o w  v e l o c i t y  and p r o p e r t i e s ,  t h e  p r e s s u r e ,  d e n s i t y ,  and t empera tu re  

c o n d i t i o n s  f o r  t h e  i s e n t r o p i c  expans ion  p r o c e s s  a r e  formula ted  i n  

terms of t h e  i s e n t r o p i c  exponents .  These r e l a t i o n s h i p s  are  used i n  

s o l v i n g  Equa t ion  5 f o r  t h e  v e l o c i t y  and Equat ion  6 f o r  t h e  a c o u s t i c  

v e l o c i t y .  The combina t ion  g i v e s  t h e  c r i t i c a l  f low f u n c t i o n .  

Fur  most f l u i d s  and c o n d i t i o n s ,  t h e  i s e n t r o p i c  changes of 

s p e c i f i c  volume ( o r  d e n s i t y )  can be d e f i n e d  

a p o i n t  on t h e  i s e n t r o p e ,  

Fo r  a n  i s e n t r o p i c  p r o c e s s  of  f i n i t e  l e n g t h ,  

d e f i n e d  i n  terms of t h e  t e r m i n a l  c o n d i t i o n s  

by Pv" = c o n s t a n t .  For 

t h e  exponent  may be 

as  f o l l o w s :  

When t h e s e  two exponents  are the  same, as they  f r e q u e n t l y  a r e ,  t h e  

f o l l o w i n g  r e l a t i o n s h i p s  may be a p p l i e d  t o  t h e  s o l u t i o n  of t he  c r i t i c a l -  

f low-through-nozzle  problem. 

F i r s t ,  Equa t ion  22 i s  t ransformed,  combined w i t h  t h e  d e f i n i t i o n s  

of  t h e  h e a t  c a p a c i t i e s  Cp and Cv, and r e a r r a n g e d  t o  g i v e  

v ap ( 2 4 )  

The n e x t  s t e p  is t o  t r ans fo rm Equa t ion  6 ,  combine w i t h  t h e  

d e f i n i t i o n s  of C and Cv, and r e a r r a n g e  t o  g i v e  P 
r -I 1/2 

Equa t ions  24 and 25 a r e  n e x t  combined t o  e l i m i n a t e  2 
c = (gc nZRT)1'2 ( 2 6 )  
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Equat ion 26 can a l s o  be de r ived  from t h e  d i f f e r e n t i a l  form of 

Equat ion  5 ,  

ud u VdP = - - 
gC 

The v e l o c i t y ,  u ,  may be r ep laced  by t h e  product  of s p e c i f i c  volume 

and m a s s  v e l o c i t y .  From t h i s  r e l a t i o n s h i p ,  i . e . ,  u = GV, w e  can 

w r i t e  

du = GdV + VdG ( 2 8 )  

A t  t h e  c o n s t a n t  a r e a  of t h e  nozzle  t h r o a t ,  t h e  mass v e l o c i t y  is  

c o n s t a n t  and t h e  second r igh t -hand member of Equat ion 28 is  z e r o .  

Combining t h e s e  u(G,V) r e l a t i o n s h i p s  wi th  Equat ion 27 and r e a r r a n g i n g  

g i v e s  

G2 

gC 
_ - -  dP 

dV 
- -  

For  i s e n t r o p i c  expans ion ,  Equat ion 22 g i v e s  

Combining Equat ions  29 and 30 g i v e s  

G2 P 
gc v g n PP 

C 

2 2  Now r e p l a c e  G2 by u /V and t o  o b t a i n  PV by ZRT 

( 2 9 )  

I n  t h e  d e r i v a t i o n  of Equat ion  32 ,  i t  w a s  assumed t h a t  t h e  PV energy 

was conver ted  t o  k i n e t i c  energy. I f  t h e  nozz le  is  not  choked, 

c r i t i c a l  f low w i l l  r e s u l t .  In t h e  d e r i v a t i o n  of Equat ion  26, t h e  

c o n d i t i o n s  r e q u i r e d  f o r  c r i t i c a l  f l ow,  i . e . ,  Equat ion 6 ,  were assumed. 

It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e s e  d i f f e r e n t  s t a r t i n g  p o i n t s  g ive  

t h e  same r e s u l t s .  
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A t  t h e  t h r o a t  of  an  i s en t rop ic -expans ion  n o z z l e ,  i n  c r i t i c a l  

f l o w ,  Equa t ions  26 and 32 g ive  t h e  same v e l o c i t y ,  i . e . ,  c ,  = u , ,  and 

t h e  m a s s  v e l o c i t y  is 

Equa t ion  33 is an e x p r e s s i o n  f o r  t h e  mass v e l o c i t y  of a gas  a t  c r i t i c a l  

f low through a r e v e r s i b l e  arid a d i a b a t i c  nozz le  i n  terms of t h e  i s e n -  

t r o p i c  exponent  and t h e  t h r o a t  c o n d i t i o n s ,  d e s i g n a t e d  by t h e  s u b s c r i p t  * .  

In terms of  t h e  Pv" = cons tan t  r e l a t i o n s h i p , .  

n-1 p' VdP = - n-1 n P o v o [(;)y - .] 
P 

(34)  

0 

Combining Equat ions  5 and 34 ,  and assuming t h a t  u = 0,  g i v e s  
0 

n-1- 
- -  

2 
U, - 

n-1 gc povo 
(35 )  

n P,V, from Equa t ions  26 and 2 2 Combining Equa t ions  35 w i t h  u, = c,  - 

32 g i v e s  
- Qc 

n-1 

P V  n- 1 
0 0  

combining Equat ion  36 w i t h  Equat ion 23 g i v e s  
n _ _  

(37 )  

Equa t ion  37 g i v e s  t h e  c r i t i c a l  p r e s s u r e  r a t i o  as a f u n c t i o n  of t h e  

i s e n t r o p i c  exponent o n l y .  

Combining Equat ion  37 

n + l  

n n 
with P,V, = povo g i v e s  

( 3 8 )  
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1 
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I 
1 
8 
I 
E 
a 
I 
8 
I 
1 
8 
t 
8 
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Combining Equa t ions  33 and 38 g i v e s  

(39 )  

Equa t ion  39 g i v e s  t h e  mass v e l o c i t y  a t  t h e  nozz le  t h r o a t  i n  te rms  of 

t h e  i s e n t r o p i c  exponent n and t h e  plenum c o n d i t i o n s .  

From Equat ion  39, t h e  c r i t i c a l - f l o w  f u n c t i o n  C * ,  as d e f i n e d  by 

Equat ion  2 ,  can be expres sed  as a f u n c t i o n  of  t h e  i s e n t r o p i c  exponent 

n and t h e  plenum c o n d i t i o n s ,  a s  f o l l o w s :  

(40) 

As can  be  s e e n  by Equat ion  40, t h e  c r i t i c a l - f l o w  f u n c t i o n  C*  is 

d imens ion le s s  and i ts  e v a l u a t i o n  by t h i s  method r e q u i r e s  t h e  compressi-  

b i l i t y  f a c t o r  i n  t h e  plenum as w e l l  a s  t h e  i s e n t r o p i c  exponent .  

The c r i t i c a l  p r e s s u r e  r a t i o  is  shown by Equat ion  37 t o  be a 

s i n g l e - v a l u e d  f u n c t i o n  of t h e  i s e n t r o p i c  exponent .  From t h e  c r i t i c a l  

p r e s s u r e  r a t i o ,  t h e  c r i t i c a l  d e n s i t y  r a t i o  may be found,  u s i n g  t h e  

same i s e n t r o p i c  exponent ,  by 

(4.1 

For t h e  c a l c u l a t i o n  of' the  c r i t i c a l  t empera tu re  r a t i o  from 

P,/Po, a d i f f e r e n t  exponent i s  i n v o l v e d ,  however. 

change exponent is d e f i n e d  a s  fo l lows  for an  i s e n t r o p i c  pa th .  

T h i s  t empera tu re -  

I n  d i f f e r e n t i a l  form, 

(43 )  

Transforming  g i v e s  a form of Equat ion 43 t h a t  is  conven ien t  f o r  
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e v a l u a t i o n  w i t h  h e a t - c a p a c i t y  and e q u a t i o n - o f - s t a t e  i n fo rma t ion  

The temperature-change exponent ,  n ' ,  i s  very  n e a r l y  c o n s t a n t  f o r  t h e  

i s e n t r o p i c - e x p a n s i o n  p a t h s  o f  i n t e r e s t ,  as i s  t h e  volume-and d e n s i t y -  

change exp0nent .n .  Where t h i s  cons tancy  e x i s t s ,  t h e  v a l u e s  o f  n l  and 

n e v a l u a t e d  a t  t h e  plenum c o n d i t i o n s ,  can  be used i n  c a l c u l a t i n g  t h e  

c r i t i c a l - f l o w  f u n c t i o n  f o r  t h e  i s e n t r o p i c - e x p a n s i o n  p a t h .  

I n  t h e  i s en t rop ic -exponen t  method, i t  i s  n o t  n e c e s s a r y  t o  

c a l c u l a t e  t h e  t h r o a t  c o n d i t i o n s  and v e l o c i t y  i n  f i n d i n g  t h e  v a l u e  of 

t h e  c r i t i c a l - f l o w  f u n c t i o n ,  

One o f  t h e  s t e p s  i n  e v a l u a t i n g  t h e  i s e n t r o p i c  exponent ,  n ,  i s  

t o  f i n d  t h e  h e a t  c a p a c i t y  r a t i o ,  C /C a t  t h e  same c o n d i t i o n s .  T h i s  

r a t i o  couid  be o b t a i n e d  C r o m  ihe  r e s u i i s  ol" Equat io i i s  18 aiid 2l, if 

b o t h  can be e v a l u a t e d .  One o r  t h e  o t h e r  of t h e s e  h e a t  c a p a c i t i e s ,  b u t  

n o t  b o t h ,  is r e q u i r e d  i n  t h e  v e l o c i t y  of sound c a l c u l a t i o n s .  I t  is 

c o n v e n i e n t ,  t h e r e f o r e ,  t o  apply t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  h e a t  

P v '  

c a p a c i t y  d i f f e r e n c e  
2 

v - T -  
- (%f P 

C p - C v  - -T- = 

T 

(45)  

Equa t ion  45  is w r i t t e n  i n  two forms,  one f o r  u se  w i t h  t h e  volume- 

e x p l i c i t  e q u a t i o n  of s t a t e  and one f o r  t h e  p r e s s u r e - e x p l i c i t  form. 

E v a l u a t i o n  o f  t h e  i s e n t r o p i c  exponen t s  i n v o l v e s  t h e  s o l u t i o n  of 

Equa t ions  24 and 44 f o r  n and n '  and E q u a t i o n s  18 or 21,and 4 5  f o r  

h e a t  c a p a c i t i e s .  These exponent e v a l u a t i o n s  r e q u i r e  t h e  use  of  a n  

e q u a t i o n  of s t a t e  i n  c a l c u l a t i o n s  t h a t  a r e  abou t  a s  l eng thy  a s  t h e  

en t ropy-en tha lpy  c a l c u l a t i o n s .  Without s imple  g e n e r a l i z e d  c o r r e l a t i o n s  

f o r  t h e  exponen t s ,  t h i s  method o f f e r s  no advantage  for t h e  f i n a l  

c a l c u l a t i o n s .  
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The i s e n t r o p i c  exponents  f o r  i d e a l  g a s e s ,  i . e . ,  C?Cs, c a n  be 

used  to advan tage ,  however, i n  deve lop ing  a computer program t h a t  

w i l l  converge  on a c o r r e c t  s o l u t i o n  f o r  t h e  c r i t i c a l - f l o w  v e l o c i t y  

by t h e  en t ropy-en tha lpy  method. 

VAN DER WAALS FLUID 

8 

A p r e v i o u s  treatment (1) of t h e  i s e n t r o p i c - f l o w  c h a r a c t e r i s t i c s  

of t h e  van d e r  Waals f l u i d  assumed t h a t  t h e  d i f f e r e n t i a l  e x p r e s s i o n  

f o r  t h e  c o n s t a n t  e n t r o p y  p rocess  i s  

Cv dT - - d P = O  
P2 ' 

r a t h e r  t h a n  

(47 )  

E q u a t i o n  47  is t h e  c o r r e c t  r e l a t i o n s h i p .  Equa t ion  46 may be o b t a i n e d  

by assuming t h a t  PV = RT, from which T(dP/dT)V = RT/V = P. 

s o l u t i o n  of  Equa t ion  46 ,  t h e  van d e r  Waals e q u a t i o n  was used ( 1 1 ,  so 

I n  t h e  

t h e  r e s u l t s  p a r t l y  r e p r e s e n t  t h e  van d e r  Waals f l u i d  and p a r t l y  t h e  

p e r f e c t  g a s .  

From t h e  van d e r  Waals equa t ion ,  

RT a 
9 p = - -  

V-b ( 4 8 )  

t h e  f o l l o w i n g  are  ob,tained f o r  t h e  i s o t h e r m a l  e f f e c t s  of d e n s i t y  on 

t h e  e n t r o p y  and e n t h a l p y  by i n t e g r a t i n g  E q u a t i o n s  9 and 10 a t  c o n s t a n t  

t empera tu re  and choos ing  a r e f e r e n c e  s t a t e  of i d e a l  g a s  a t  u n i t y  

p r e s s u r e  as t h e  lower l i m i t  a t  which t h e  e n t r o p y  is S 

is Ho ( s e e  Appendix f o r  d e t a i l s  of d e r i v a t i o n ) ;  

0 and t h e  e n t h a l p y  

+ I n  p = I n  ( l -bP)  + I n  s-so 
R (49  1 
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aP 2 -  RT l -b  P RT 
H-HO bP - = - -  

The l e f t  s i d e  of Equation 49 is t h e  r e s i d u a l  en t ropy  over  R 

and i s  d imens ion le s s .  The le f t -hand  member of Equat ion 50 is 

d imens ion le s s  a l s o .  The s o l u t i o n  of Equat ion 20 f o r  t h e  v e l o c i t y  of 

sound wi th  t h e  d e r i v a t i v e s  of p r e s s u r e  from t h e  van d e r  Waals e q u a t i o n  

is 

The s o l u t i o n  of Equat ion 21 f o r  C i n v o l v e s  t h e  second tempera ture  v 
d e r i v a t i o n  of p r e s s u r e ,  which is z e r o  by t h e  van d e r  Waals e q u a t i o n .  

T h e r e f o r e ,  Cv = Cv 0 i n  t h i s  case .  

Equat ions  48, 49,  50 and 51 and h e a t  c a p a c i t i e s  a t  t h e  i d e a l  

g a s  s t a t e  provide  a l l  t h e  necessary  in fo rma t ion  f o r  making c r i t i c a l -  

f low c a l c u l a t i o n s  f o r  gases  r ep resen ted  by t h e  van d e r  Waals e q u a t i o n .  

The i s e n t r o p i c  exponents  cou ld  a l s o  be eva lua ted  from e x p r e s s i o n s  

based on t h e  van d e r  Waals e q u a t i o n ,  i f  d e s i r e d .  These exponent  

e x p r e s s i o n s  are n o t  i n c l u d e d ,  however, because of t h e i r  l e s s e r  u t i l i t y .  

mDLICH-KWONG EQUATION O F  STATE 

A two-constant e q u a t i o n  of s t a t e  t h a t  r e p r e s e n t s  r e a l - g a s  

behav io r  more r e a l i h t i c a l l y  i s  t h e  Redlich-Kwong (7) e q u a t i o n ,  of which 

t h e  p r e s s u r e  form is 

RT a 
V-b TO*SV(V+bI 

p = - -  

where: a = 0.4278 IL:')T 2 * 5  
c /pc 

b = 0.0867 13'rc/Pc 

The c o m p r e s s i b i l i t y - f a c t o r  form of t h e  Redlich-Kwong equa t ion  of 
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s t a t e  is 

2 a where: A = R2T2. 5 

b B = -  RT 

The two p a r a m e t e r s ,  A2/B and BP, are s u f f i c i e n t  t o  d e f i n e  t h e  RK 
thermodynamic s t a t e .  The t h i r d  pa rame te r ,  h ,  a p p e a r s  i n  t h e  

e x p r e s s i o n s  for thermodynamic p r o p e r t i e s .  

I n  terms of t h e  Redlich-Kwong e q u a t i o n  of s t a t e ,  t h e  i s o t h e r m a l  

e f f e c t s  of d e n s i t y  on e n t r o p y  and e n t h a l p y  are o b t a i n e d  by i n t e g r a t i n g  

E q u a t i o n s  9 and 10, u s i n g  Equat ion  52, and o b t a i n i n g  t h e  fo l lowing .  

+ I n  P = I n  (Z-BP) - 2 B A2 I n  ( l + h )  s-so 
R 

and 

I n  ( l + h )  + Z - 1 3 A2 - -  - - - -  H-HO 

RT 2 B  

(54 )  

( 5 5 )  

The d e t a i l e d  d e r i v a t i o n s  of Equat ions  54 and 55, showing t h e  d e f i n i t i o n s  

of t h e  r e f e r e n c e  s t a t e s ,  are g iven  i n  t h e  Appendix. The s o l u t i o n  of 

Equa t ions  54 and 55 f o r  t h e  e f f e c t s  of d e n s i t y  on t h e  e n t r o p y  and en- 

t h a l p y  i n v o l v e s  f i r s t  f i n d i n g  t h e  v a l u e  of  t h e  pa rame te r ,  h ,  and t h e  

c o m p r e s s i b i l i t y  f a c t o r ,  Z ,  by a t r i a l - a n d - e r r o r  s o l u t i o n  of E q u a t i o n s  

52 o r  53. 

I n  a s imilar  manner, a n  e x p r e s s i o n  for t h e  v e l o c i t y  of sound i s  

found by s o l v i n g  Equa t ion  20, w i th  d e r i v a t i v e s  o b t a i n e d  from t h e  

Redlich-Kwong e q u a t i o n ,  o b t a i n i n g  

2 
c = gc 

- 1 A 2 R h  
4 B C y ( l + h )  
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The s o l u t i o n  of Equat ion  56 t o  o b t a i n  t h e  v e l o c i t y  of sound a t  t h e  

n o z z l e  t h r o a t  r e q u i r e s  e v a l u a t i n g  the  parameter  h ,  v i a  Equat ions  52 

o r  53, and t h e  h e a t  c a p a c i t y  C V' 
The i s o t h e r m a l  e f f e c t  of d e n s i t y  on t h e  h e a t  c a p a c i t y ,  Cv, i s  

o b t a i n e d  by s o l v i n g  Equat ion  21 w i t h  t h e  second tempera ture  d e r i v a t i v e  

of p r e s s u r e  ob ta ined  from Equat ion 52 and t h e n  i n t e g r a t i n g  wi th  t h e  

i d e a l  g a s  s t a t e  as t h e  lower l i m i t .  The r e s u l t  is 

cv-c; - - - -  A2 I n  ( l + h )  
R - 4 B  (57) 

The same 

v a l u e  of 

v a l u e  of h is used i n  s o l v i n g  b o t h  Equat ions  56 and 57. The 

C from Equat ion  57 is used i n  Equat ion  56. V 

PROPERTIES OF REAL GASES AT CRITICAL FLQW 

Thermodynamic p r o p e r t i e s  of s i x  r e a l  g a s e s  ( a i r ,  n i t r o g e n ,  

oxygen, normal hydrogen, para-hydrogen, and steam) a t  c r i t i c a l - f l o w  

c o n d i t i o n s  have been computed by t h e  en tha lpy-ent ropy  method ( 4 ,  5). 

The r e s u l t s  of t h e s e  c a l c u l a t i o n s  a re  r e p o r t e d  (5)  i n  comprehensive 

t a b u l a t i o n s ,  g i v i n g  t h e  fo l lowing  n i n e  p r o p e r t i e s  f o r  each  g a s ,  as  

a f u n c t i o n  of t h e  plenum tempera ture  and p r e s s u r e  c o n d i t i o n s :  (1) 

c r i t i c a l - f l o w  f a c t o r ,  (2) n o z z l e - t h r o a t  v e l o c i t y ,  (3) c r i t i c a l  

p r e s s u r e  r a t i o ,  ( 4 )  c r i t i c a l  t empera ture  r a t i o ,  (5) c r i t i c a l  d e n s i t y  

r a t i o ,  ( 6 )  c o m p r e s s i b i l i t y  f a c t o r ,  (7) normalized s p e c i f i c  h e a t ,  

Cp/R, (8)  s p e c i f i c - h e a t  r a t i o ,  C,/Cv, and ( 9 )  speed of sound. 

las t  f o u r  of t h e s e  p r o p e r t i e s  a r e  a t  t h e  plenum or s t a g n a t i o n  condi -  

t i o n s .  

The 

P r e s s u r e - e x p l i c i t  e q u a t i o n s  of s t a t e  were used i n  t h e  c a l c u l a -  

t i o n s  f o r  a i r  and steam whi l e  vo lume-exp l i c i t  e q u a t i o n s  of s t a t e  

were used f o r  t he  n i t r o g e n ,  oxygen and hydrogen. The same h e a t - c a p a c i t y  

and e q u a t i o n - o f - s t a t e  i n fo rma t ion  w a s  used i n  t h e  ve loc i ty-of -sound 

c a l c u l a t i o n s .  
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Convergence on t h e  c o r r e c t  t h r o a t  t empera tu re  t o  g i v e  a 

c r i t i c a l - f l o w  t h r o a t  v e l o c i t y ,  or Mach One, w a s  a c c e l e r a t e d  i n  t h e  

c a l c u l a t i o n s  by u s i n g  t h e  fo l lowing  tempera ture  c o r r e c t i o n  t o  be  

added t o  t h e  p rev ious  tempera ture  estimate ( 5 ) .  

AT = AM 
i 

( 5 8 )  

I 

is e s t i m a t e d  from i s e n t r o p i c , i d e a l - g a s  r e l a t i o n s  and 

i 

AM is t h e  d i f f e r e n c e  between t h e  d e s i r e d  and a c t u a l  Mach Number, i . e . ,  

AM = M - M I ,  MI = ( U / C ) , ~ ~ ~  ] . An e x p r e s s i o n  for [(dT/dM),1 w i l l  

be d e r i v e d  n e x t .  E i 

0 Applying Equat ion  3 t o  t h e  p e r f e c t  g a s ,  f o r  which AH = CpAT, 

g i v e s  t h e  fo l lowing  e q u a t i o n  f o r  t h e  v e l o c i t y  of a p e r f e c t  g a s  a f t e r  

a d i a b a t i c  expans ion  

I n  l i ke  manner, Equat ion  26 is  a p p l i e d  t o  a p e r f e c t  g a s ,  f o r  which 

n = k = C C and Z = PV/RT = 1, t o  o b t a i n  t h e  fo l lowing  expres s ion  

f o r  t h e  v e l o c i t y  of sound i n  a p e r f e c t  g a s  
9; 

From t h e  d e f i n i t i o n  of  Mach Number, i . e . ,  M = u/c,  an e x p r e s s i o n  

r e l a t i n g  t h e  t empera tu re  r a t io  and M is  ob ta ined  f o r  t h e  p e r f e c t  g a s ,  

for which Cp - C 

fo l lowing  

0 0 = R,  by combining Equa t ions  3a and 26a;  g i v i n g  t h e  V 

0 k-1 M2 - 1 + -  
T 

T 2 
- -  

S o l v i n g  f o r  T and d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  M g i v e s  

T (k-1)M 
0 

k-1 2 2 
( 1 + 7 M )  

A 6 

( 5 9 )  
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combining Equat ions  59 and 60, t o  e l i m i n a t e  t h e  denominator of t h e  

r i g h t  hand member of Equat ion 60 ,  g i v e s  

As w r i t t e n ,  Equat ions  58 and 61 may be a p p l i e d  a t  any Mach Number. 

F o r  t h e  c r i t i c a l - f l o w  nozz le  c a l c u l a t i o n s ,  M = 1 and T = T,. 

Another u:;eful p e r f e c t  gas r e l a t i o n s h i p  is found by combining 

Equat ions  37 and 42, us ing  t h e  exponent k i n s t e a d  of n and n ' ,  t o  

o b t a i n  

T 2 A =  - 
k+ 1 

T O  

Equa t ion  62 can be  used t o  e s t i m a t e  T, a t  t h e  beginning  of t h e s e  

c a l c u l a t i o n s .  

THERMODYNAMIC PROPEFITIES O F  STEAM I N  CRITICAL-FLOW 

I n  h i s  Table V ,  pp. 106-131, Johnson (5)  p r e s e n t s  t h e  thermo- 

dynamic p r o p e r t i e s  of steam a t  c r i t i c a l - f l o w  c o n d i t i o n s ,  cove r ing  

plenum tempera tu res  from 700 t o  1500'R by 10' i n t e r v a l s  and plenum 

p r e s s u r e s  from 0 t o  300 atm by 1 t o  5 atm i n t e r v a l s .  An abr idged  

and supplemented v e r s i o n  of t h i s  t a b l e  w a s  p repared  by t a k i n g  v a l u e s  

from Johnson ' s  Table  V a t  lees  f r e q u e n t  i n t e r v a l s  of To and Po, 

add ing  i s e n t r o p i c  exponents  and e l i m i n a t i n g  plenum s p e c i f i c  h e a t s .  

T h i s  r e c o n s t i t u t e d  t a b l e  of t he  thermodynamic p r o p e r t i e s  of 

s team i n  c r i t i c a l - f l o w  is inc luded  he rewi th  f o r  u se  i n  s o l v i n g  problems 

t o  i l l u s t r a t e  t h e  computat ion of t h e s e  p r o p e r t i e s  and t h e i r  a p p l i c a -  

t i o n .  

Although h e a t - c a p a c i t y  r a t i o s  a r e  inc luded  i n  t h e  o r i g i n a l  

t a b l e s ,  no a c t u a l  i s e n t r o p i c  exponents  were inc luded .  From t h e  i n f o r -  

mat ion g iven ,  i t  is a s imple  ma t t e r  t o  e v a l u a t e  t h e  v a l u e s  of n ,  t h e  

i s e n t r o p i c - d e n s i t y -  o r  volume-change exponent ,  however. Values of n 
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a t  b o t h  plenum and t h r o a t  c o n d i t i o n s  can b e  found by i n v e r t i n g  

Equat ion  26 u s i n g  v a l u e s  of c ,  Z and T g iven  i n  t h e  t a b u l a t i o n s  

f o r  b o t h  t h e  plenum and c r i t i c a l - f l o w  nozz le  t h r o a t .  

The fo l lowing  example i l l u s t r a t e s  t h i s  c a l c u l a t i o n  f o r  steam, 

f o r  which the  fo l lowing  r ead ings  a r e  made from t h e  t a b l e s  

T = 1500'R 
0 

= 300 atm 

= 0.808.3 
zO 

c = 2088.7 f t / s e c  
0 n 

(2088.7)L (18) 
- (32.2)(0.8083)(1543)(1500) 
- 0 n =  

gczomo 

n = 1.303 

The va lue  of n may a l s o  b e  c a l c u l a t e d  a t  t h e  t h r o a t  c o n d i t i o n s ,  

by u s i n g  o t h e r  d a t a  given i n  the t a b u l a t i o n s  

P, = (300)(0 .5462)  = 163.9 atm 

T, = (1500)(0.8691)  = 1304'R 

C ,  = 1942.1 
r ,  

= 1.293 (1942.1)& (18) 
(32 .2 )  (0.810) (1544) (1304) n =  

The i s e n t r o p i c  exponent f o r  t h e  p a t h s  may be found from t h e  

c r i t i c a l  r a t e  v a l u e s ;  P,/P 

23, g i v i n g  

= 0.5462 and P,/Po = 0.6296, w i th  Equat ion  
0 

In 0*5462 = 1,304 
I n  0.6296 n =  
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For t h e s e  c o n d i t i o n s ,  t h e  t h r e e  v a l u e s  of n a re  n e a r l y  e q u a l .  

v a l u e s  of t h e  isentropic-volume-change exponent were c a l c u l a t e d  and 

i n c l u d e d  i n  t h e  new t a b l e ,  a s  can be  seen .  

These 

The i sen t ropic- tempera ture-change  exponent ,  n ' ,  could  a l s o  be  

d e r i v e d  from t h e  Johnson Table V d a t a ,  u s i n g  Equat ion  42 and t h e  . 

c r i t i c a l  tempera ture  and c r i t i c a l  p r e s s u r e  r a t i o s ,  which a r e :  

(T,/To) = 0.8691 and (P,/Po) = 0.5462. 

and s u b s t i t u t i n g ,  g i v e s  

So lv ing  Equat ion  42 f o r  n '  

= 1.302 1 - 1 n1 r - 
1 n' -0- . g6-9'1 

I n  (P,/Po I n  0.5462 
1 -  

I n  t h i s  c a s e ,  n '  is a lmost  i d e n t i c a l  t o  t h e  v a l u e s  of n ,  which is a 

c o i n c i d e n c e ;  n 1  w i l l  n o t  a l w a y s  have t h e  same numer ica l  v a l u e  as  n .  

The v a l u e  of t h e  hea t - capac i ty  r a t i o  C C f o r  s team a t  t h e  
d V  

same plenum c o n d i t i o n s  is 1.6222, which d i f f e r s  g r e a t l y  from the 

above v a l u e s  of n .  For t h e  i d e a l  gas  s t a t e  a t  1500'R 

= 1.274 bP 9.33 k = - =  
0 9.33-1.987 Cp-R 

Being c l o s e r  t o  n t h a n  i s  t h e  C,/Cv r a t i o ,  k is  a b e t t e r  exponent 

t h a n  C /C f o r  t h e  approximation c a l c u l a t i o n s  of Equa t ions  6 1  and 62 .  P V  
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NOMENCLATURE 

A ,  B - c o n s t a n t s  i n  one arrangement of t h e  Redlich-Kwong Equat ion 
of S t a t e  

a ,  b - c o n s t a n t s  i n  t h e  van d e r  Waals or i n  t h e  Redlich-Kwong 
Equat ion  o f  S t a t e  

- c o n s t a n t - p r e s s u r e  hea t  c a p a c i t y  of gas, Btu/ lb  O R  
cP m 

- constant-volume hea t  c a p a c i t y  of g a s ,  Btu/ lb  O R  
cV m 
C* - c r i t i c a l - f l o w  f u n c t i o n  of Johnson (51, d imens ion le s s  

C - speed of sound i n  gas, f t / s e c  

c* - speed of sound i n  gas a t  t h r o a t ,  f t / s e c  

G - mass-flow r a t e ,  l b m / f t  sec 2 

2 - 
- e n t h a l p y  of g a s ,  Btu/lb 

g r a v i t a t i o n a l  convers ion  f a c t o r ,  e q u a l s  32.174 l b m f t / s e c  l b f  gC 

m H 

h - c o n s t a n t  i n  one arrangement of t h e  Redlich-Kwong Equat ion 
of S t a t e  

k - h e a t - c a p a c i t y  r a t i o ,  e q u a l s  C,/C, (d imens ion le s s )  

M - Mach number, i . e . ,  r a t i o  of t h e  f low v e l o c i t y  t o  t h e  speed 
of sound i n  t h e  gas 

n - isentropic-volume-change exponent (d imens ion le s s )  

n '  - isentropic-temperature-change exponent (d imens ion le s s )  

P - p r e s s u r e  ( a b s o l u t e ) ,  a t m  (or p s f )  

R ' 3  3 - gas-law c o n s t a n t ,  f t  a tm/lb O R  (or f t  ps f / lbmoR)  in 

- en t ropy  of g a s ,  Btu / lb  OR m S 

T - t empera tu re  ( a b s o l u t e )  , OR 

U - v e l o c i t y  of g a s ,  f t / s e c  

V 

Z - c o m p r e s s i b i l i t y  f a c t o r  of g a s ,  e q u a l s  PV/RT 

- s p e c i f i c  volume of gas ,  f t 3 / l b  m 
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GREEK LETTERS 

b - change of 

P - dens i ty  of gas ,  l b  / f t  

d - c r i t i c a l - f l o w  function of Murdock and Bauman ( 3 ) ,  

3 
m 

l b  m ( OR) ' l2/sec - lb f  

SUBSCRIPTS 

o - plenum 

* - throat  

SUPERSCRIPT 

o - reference  s t a t e  
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APPENDIX 

D e t a i l e d  d e r i v a t i o n s  of  Equa t ions  49 (page  15)  and 54 (page 17)  

for i s o t h e r m a l  changes i n  t h e  en t ropy  are p r e s e n t e d  h e r e ,  as  are 

d e r i v a t i o n s  of Equa t ions  50 (page 16) and 55 (page 17) for i s o t h e r m a l  

changes  i n  the  e n t h a l p y .  

A t  c o n s t a n t  t empera tu re  

From t h e  van d e r  Waals Equat ion ,  i . e . ,  Equa t ion  48 (page 15) 

Combining Equa t ions  A - 1  and A-2 and i n t e g r a t i n g  
.. 

V2-b 
s -s c2 (V-b)-l  dV = R I n  - V1-b =3.. 

( A - 1 )  

(A-2) 

( A - 3 )  

1 V 

Rear rang ing  Equat ion  A - 3  

S2 - R I n  (V -b) = S1 - R In (Vl-b) (A-4 ) 2 

Let s t a t e  11211 be  t h e  s t a t e  of i n t e r 2 s t  and s t a t e  ltlll be a low p r e s s u r e  

i d e a l  g a s  r e f e r e n c e  s t a t e ,  for which 

l i m  
v-, IS1 - R I n  (V1-b) ]  = [SI - R I n  V1] = [ S1 - R I n  “1 

pl 

= [S1 + R In P1 - R I n  RT] = [ S o  - R I n  RT] (A-5) 

where : 1 i m  so = pl+o(S + R I n  P)  = e n t r o p y  of i d e a l  g a s  a t  P = 1. 



A- 2 

I n  view of Equa t ion  A - 5 ,  Equat ion  A-4 becomes 

V-b 
= I n  - s - so 

R RT (A-6) 

Adding I n  P t o  b o t h  s i d e s  of  Equat ion  A-6 and r e a r r a n g i n g  by combining 

w i t h  V = 1 / P  and Z = PV/RT g i v e s  

The l e f t  hand s i d e  of Equat ion  49 is t h e  r e s i d u a l  en t ropy  r a t i o .  

For i s o t h e r m a l  changes i n  t h e  e n t r o p y ,  s t a r t  w i t h  

(A-7) 

The i n t e g r a n d  of Equa t ion  A-7 is found by combining Equa t ions  A-2 

and 48, which g i v e s  

I n t e g r a t i n g  g i v e s  

H2 - 

L e t  s t a t e  "2'' 

z e r o  p r e s s u r e  

(A-9) 

be t h e  c o n d i t i o n  of i n t e r e s t  and l e t  s t a t e  "1" be a 

where l /V1 = 0 and PIVl = RT. S u b s t i t u t i n g  t h e s e  l i m i t s  

and d i v i d i n g  th rough  by RT g i v e s  

H - H O -  - - -  a P + Z - l  
RT RT 

where : 0 H = i d e a l  g a s  e n t h a l p y  a t  z e r o  p r e s s u r e .  

Combining w i t h  Equat ion  4 8 ,  t o  e l i m i n a t e  Z g i v e s  

2a P H - H O -  - bP - - 
RT 1 - bP RT 

( A - 1 0 )  
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Similar e q u a t i o n s  w i l l  next  be de r ived  f o r  p r e d i c t i n g  t h e  

i s o t h e r m a l  changes of en t ropy  and en tha lpy  v i a  t h e  Redlich-Kwong 

e q u a t i o n  ( i . e . ,  Equat ion 52 (page 1 6 ) ) .  

From Equat ion 52 ,  t h e  fo l lowing  d e r i v a t i v e  is found 

0.5a + R 

(,,)v = V-b T1.5 V(V+b 

Combining Equat ions  A - 1  and A - 1 1  g i v e s  

v2 dV 0.5a S 2 - S  = R  
1 V-b .5 V(V+b) 

I n t e g r a t i o n  g i v e s  

V2-b V2 ( VI +b S2 - S1 = R l n -  + -  0.5a 
1.5 In F v r  bT 

V1 -b 

Rear ranging  Equat ion 8-13 

V2 +b 0.5a S2 - R I n  (V, - b )  + - I n  - = 
bT1 v2 

( A - 1 1 )  

(A-12) 

(A-13) 

(A-14) 
V1 +b 0.5a S1 - R I n  (V1 - b )  + - 

bTlm5  v1 

L e t  s t a t e  "2" be t h e  s t a t e  of i n t e r e s t  and s t a t e  11111 be a low p r e s s u r e  

i d e a l  g a s  r e f e r e n c e  s t a t e ,  f o r  which 

V +b 
lim [S1 - R I n  (V1-b) + - 1 

vl+ 

- R 1n "1 = + R I n  p1 - R 1n RT] = P1 p1 

[so - R 1n RT] 

P + O  

(A-15) 
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I n  view of Equat ion  A - 1 5 ,  Equation A-14 may be w r i t t e n  

0.5a 1 n - - = s 0 - ~ 1 n R T  V +b 

bT1 V 
S - R I n  (V-b) + - 

Rearranging  

0.5a V +b I n  - V-b 
V 

= I n - -  s - so 
R RT bml. 5 

(A-16) 

(A-17) 

Adding I n  P t o  b o t h  s i d e s ,  r e a r r a n g i n g  wi th  t h e  d e f i n i t i o n s  Z = PV/RT, 

Pb/RT = BP, b/V = h ,  a/bRTla5 = A /B 
2 g i v e s  

The Redlich-Kwong equa t ion  f o r  i s o t h e r m a l  changes i n  e n t h a l p y  is 

found from Equat ion  A-7, f o r  which t h e  i n t e g r a n d  is ob ta ined  by com- 

b i n i n g  Equa t ions  52  and A - 1 1 ,  g i v i n g  

+ A(PV) 
- v2 dV 

Vo 112 - H1 - To. 5 

v1 

I n t e g r a t i n g  

- - 1*5a [ I n  VZ+b v2 - I n  - v l + b ]  + A(PV) 
v1 H2 - H1 bRTl .5 

( A - 1 8 )  

(A-19) 

L e t  s t a t e  "2" be t h e  s t a t e  of i n t e r e s t  and s t a t e  llltl be i d e a l  g a s  a t  

z e r o  p r e s s u r e ,  f o r  which 

w i t h  t h e s e  d e f i n i t i o n s ,  Equat ion A-19 may be r e a r r a n g e d  and d i v i d e d  

by RT t o  g i v e  

H - H O -  - 1.5a In - + z - 1  
1.5 Vtb 

bRT RT ( A-20) 
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Substituting the equivalents b/V = h and a/bRT1" = A 2 /B, gives 

In (lth) + Z - 1 H - Ho 3 A2 
Z B  -- = - m (55) 
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HOME PROBLEMS - STATEMENTS 

Problem 1: A l a r g e  s t e a m - f i l l e d  t a n k  has  a small conveying nozz le  

i n  one w a l l .  The a r e a  of t h e  nozz le  opening is 2 squa re  

i n c h e s .  Find t h e  t h r u s t  on t h e  t a n k  i f  t h e  steam is a t  

1200'R and 70 atm. Atmospheric c o n d i t i o n s  are 760 mn 

and 60'F. 

Problem 2: Steam a t  1450'R and 240 a t m  f lows  through an i s e n t r o p i c  

nozz le  t o  t h e  atmosphere.  Using t h e  Redlich-Kwong 

Equat ion of S t a t e  and i d e a l  gas  s t a t e  h e a t  c a p a c i t i e s ,  

c a l c u l a t e  t h e  c r i t i c a l - f l o w  v e l o c i t y  a t  t h e  nozz le  

t h r o a t .  Also f i n d  t h e  va lue  of t h e  c r i t i c a l - f l o w  f u n c t i o n .  

P repa re  a program f o r  making t h e s e  c a l c u l a t i o n s  on t h e  

d i g i t a l  computer.  
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HOME PROBLEMS - SOLUTIONS 

Problem 1: From the table of thermodynamic properties of steam at 

critical flow conditions find 2 = 0.8915. 
0 

From table P+/Po = 0.5487 

T,/To = 0.8712 

P,/Po = 0.6250 

u, = 1823.3 ft/sec 

C* = 0.7024 

In general (for quasi-steady conditions) 

nPx = Momentum O u t  - Momentum In 

For the conditions of this problem 

ZF Th + (Patm - P,)  A, 
X 

Moarenturn In = 0 

Combining terms and solving for the thrust gives 
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Mass v e l o c i t y  

2 G = (1823.3)(1.616)(0.6250)  = 1841 l b  / f t  s e c  m 

C r i t i c a l - f l o w  f u n c t i o n  ( v i a  Equation 2 ,  page 2 )  

1841 (1544 x 1200) 1/2 

- 144 x 1030 18 x 32.174 
0 

C* = 0.70 vi9 0.7024 from t a b u l a t i o n  

Problem 2 Mr. P i n  Techasir iwan prepared t h e  manual s o l u t i o n .  

Fol lowing is a s tep-by-s tep  hand s o l u t i o n  f o r  t h e  c r i t i c a l  

f l ow p r o p e r t i e s  of steam a t  1450°R and 240 a t m ,  u s i n g  t h e  Redl ich-  

Kwong equa t ion  of s t a t e  ( i . e , ,  Equat ion 52 ,  page 1 6 ) .  

S o l u t i o n :  

an i s e n t r o p i c  expansion t h a t  gives a Mach-one v e l o c i t y  i n  t h e  nozz le  

t h r o a t .  Th i s  i n v o l v e s  first f i n d i n g  a tempera ture  t h a t  sa t i s f ies  t h e  

AS = 0 requi rement  and then c a l c u l a t i n g  t h e  a c t u a l  v e l o c i t y  and t h e  

v e l o c i t y  of sound. 

The p l an -o f -a t t ack  is t o  f i n d  t h e  s team c o n d i t i o n s  a l o n g  

S t e p  1 

The c o n s t a n t s  a and b of t h e  R-K e q u a t i o n s  a r e  found from t h e  

c r  i t ica 1 c ond i t i ons 

T = 1165.1°R; P = 3206 p i a  
C c 

s i a  f t 3  R = 10.74 p-, * Mi' = 18.016 lb-mole R ' 
2 2.5  0.4278 R Tc 

P 
C 

a =  

(0.4278 ) (10.74) ( 1165.1 ) 2 .5  ( 144) 
- - 

(18.016)2(3206)  

2 1/2 = 3.158 x lo5 ( l b f / f t 2 ) ( f t 3 / l b m )  ( O R )  

R T C  b = 0.0867 - P 
C 
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3 
m = 0.01877 f t  / l b  

S t e p  2 

Throat  c o n d i t i o n s  (P,V,T) a r e  found as f o l l o w s :  an e s t ima ted  

t empera tu re ,  found by an  i d e a l  gas  exponent c a l c u l a t i o n ,  is used 

as a s t a r t i n g  p o i n t  for success ive  approximation c a l c u l a t i o n s  t o  

f i n d  t h e  t h r o a t  c o n d i t i o n s  t h a t  s a t i s f y  t h e  two r equ i r emen t s ,  i . e . ,  

i s e n t r o p i c  expansion and Mach-One. 

The i d e a l  gas exponent c a l c u l a t i o n  is made by combining 

Equa t ions  37 and 42 ,  assuming n = n '  = k, t o  g ive  

where: k = Co/Co eva lua ted  a t  t h e  plenum 
P V  

= 1.273 9.264 0 

= $$ = 9.264 - 1.987 

) = 1276'R 2 
T* 1450 (1.273 + 1.0 

Th ie  temperature is t o o  high. 

t h e  c o r r e c t  t h r o a t  p r e s s u r e  is P, = 1945 p s i a .  

The c o r r e c t  value  is T, 2 1247'R and 

In the fo l lowing  are sample c a l c u l a t i o n s  f o r  t h e s e  c o n d i t i o n s ,  

which have been found by c a l c u l a t i o n  t r i a l s  that are omi t t ed .  

S t e p  3 

A n  en t ropy  ba lance  c a l c u l a t i o n  is made by us ing  Equat ions  11 

and 54 and t h e  i d e a l  gas  s t a t e  v a l u e s  of So found from s e p a r a t e  com- 

p i l a t i o n s  ( 8 ) .  These c a l c u l a t i o n s  are t a b u l a t e d .  

T, O R  

P,  p s i a  
V ,  f t3/lbm 
h = b/V 

P 1 e niim Throa t  

1450 1247 
3527 1945 
0.194 0.309 
0.0968 0.0607 



Cmtizue:! 
Plenum 

A ~ / B  3.563 
Z 0.793 
BP 0.0766 
Z-BP 0.7164 
I n  (Z-BPI -0.336 
I n  ( l + h )  0.0923 
(1/2)(A2/B) I n  ( 1 +h) 0.1644 

1n P 8.17 
@-Sg/R + In p -0.5004 

(S-SO)/R -8.67 
s-so -17 22 
S o ,  Btu/lb-moleoR 53.5 
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Throat 

4.459 
0.809 
0.0491 
0.7603 
-0.2703 
0.0589 
0.1313 

7.59 
-7.972 

-15.82 
52.1 

-0.4016 

Referring t o  Figure 2,  page 6 

ASD = AS + ASB + ASc A 

= 17.22 + (52.1 - 53.5) - 15.82 

= o  

S t e p  4 

Calculate the  en tha lpy  change f o r  t h e  same pa th  by apply ing  

Equat ions  12 and 55 and u s i n g  i d e a l  gas  s t a t e  H o  va lues  from a s e p a r a t e  

source (81, as follows: 

Plenum Throat  

1450 
3,563 
0.0923 
0.4928 
0.793 

-0.7008 
-2018 
12075 

1247 
4.459 
0.0589 
0.3946 
0.809 

-0.5852 
-1449 
10240 

AHD = AHA + AHB + mc 

= 2018 + (10240 - 12075) - 1449 

= -1266 Btu/lb-mole 
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Step 5 

C a l c u l a t e  t h e  t h r o a t  ve loc- ty  U, by app ly ing  Equat ion 12 ,  as 
f o l l o w s :  

2 
U, - Ho-H* 

- 18.016 2gC 

S t e p  6 

C a l c u l a t e  v e l o c i t y  of sound i n  steam a t  t h e s e  c o n d i t i o n s  by 

a p p l y i n g  Equat ion 5 6 ,  a s  fo l lows:  

R 

+ ,_ a P  R 
c2 RT (r + 1) 

g C  = *oz + W"( 1 + bP) [ C v ( l  - bPr 

cv-c; - = 5 A2 In  (1 + h )  
R 4 B  

3 = ( 5 )  (4 .459)(0.059)  

= 0.1973 

Co = 8.865 Btu/lb-mole-OR a t  1247'R 
P 

(1.987)(1247)(1.987/7.271 + 1) + L =  - 
% (1 - 0.0607)2 

1.987 
1+0.0607)(0.309) 7.271(1-0.067) 

(3.158 x lO5),(18.Ol6) 
( 7 7 8 ) ( 1 2 4 7 ) l I 2 (  

3 - 2 + 3.0607 
1 + 0.0607 

= 2540.8 Btu/lb-mole 
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- (2540.8 j i32 .174j (778j  
c*  - 18.016 

= 1879 f t / s e c  

S t e p  7 

C a l c u l a t e  t h e  c r i t i c a l  flow f u n c t i o n  from 

1/2 G 3  
c* = P (pc ) 

0 

where G = (Pu) ,  

(10 .74) (144)(1450)  
(18.016)(32.174)  

1874 
(0 .309)(3527)(144)  

c* = 

= 0.7418 

This  va lue  of C * i s  s l i g h t l y  h igher  t han  t h e  va lue  of 0.7358 from t h e  

t a b u l a t i o n s .  

Computer S o l u t i o n  of Problem 2 

The fo l lowing  computer program was w r i t t e n  i n  FORTRAN I V  language 

s p e c i f i c a l l y  f o r  u se  with an  IBM 7040 computer system. The program 

could  be conve r t ed  into FORTRAN I I - D  language by: 

( a )  Changing t h e  READ and WRITE s t a t e m e n t s  

READ (NRD,  --) + READ --, 
WRITE (NWR, - - )  + PUNCH --, or TYPE --, o r  P R I N T  --, 

( b )  Shor t en ing  t h e  FORMAT l e n g t h s .  

( c )  Changing t o  t h e  FORTRAN I I - D  l i b r a r y - f u n c t i o n  names. 

ALOG -+ LOGF 

ABS -+ A B S F  

SQRT -+ SQFtTF 

( d )  Replac ing  a l l  Logical  IF  s t a t e m e n t s  w i th  Ar i thmet ic  IF 

s t a t e m e n t s .  
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This  program t a k e s  a s  input  t h e  c r i t i c a i  t empera ture  ana 

p r e s s u r e  of t h e  gas  and c a l c u l a t e s  from t h e s e  t h e  Redlich-Kwong 

e q u a t i o n  - a and - b c o n s t a n t s  us ing  t h e  e q u a t i o n s  g iven  by Redl ich  and 

Kwong. Equat ion of s t a t e  and d e r i v a t i v e s  t h e r e o f ,  i . e . ,  Equat ions  

52 th rough 57 (pp .  16-18).  

The i d e a l  gas  en tha lpy  and en t ropy  d i f f e r e n c e s ,  AHo and ASo, 
are ob ta ined  by i n t e g r a t i n g  

E 

m0 = J c ~  dT = H ' ( T ~ )  - H'(T,) 

and 

The e v a l u a t i o n  of Ho(To) and of Ho(T,),  and a l s o  of So(To) and of 

S (T*), t a k e  p l ace  a t  sepa ra t ed  p l a c e s  i n  t h e  program. But s i n c e  

only  t h e  d i f f e r e n c e s ,  AHo and ASo, a r e  eve r  subsequen t ly  u t i l i z e d ,  

0 

t h e r e  is no need t o  e v e r  i n t roduce  t h e  c o n s t a n t s  of i n t e g r a t i o n .  

0 0 S i m i l a r l y ,  on ly  t h e  d i f f e r e n c e  between (S-S ) o  and (S-S ) *  

is e v e r  u t i l i z e d .  T h e r e f o r e ,  the s t a n d a r d - s t a t e  p re s su re  need neve r  

be s p e c i f i e d .  ( I t  could be taken t o  approach a z e r o  l i m i t . )  The 

program t a k e s  t h i s  s t a n d a r d - s t a t e  p r e s s u r e  t o  be t h e  same a t  a l l  

p o i n t s .  

between two p o i n t s  of equa l  p re s su re .  

The above equa t ion  f o r  ASo is c o r r e c t  on ly  for a p a t h  

A l l  i n t e r m e d i a t e  r e s u l t s  are p r i n t e d  o u t  s o  t h a t  t h e  convergence 

r a t e s  can be examined. If a l a r g e  number of c r i t i c a l  f lows  were t o  

be c a l c u l a t e d ,  t h e n  only  t h e  f i n a l  r e s u l t s  would need be p r i n t e d .  

Also,  i f  t h e s e  c a l c u l a t i o n s  a r e  a l l  f o r  t h e  same g a s ,  t h e n  t h e  p h y s i c a l -  

p r o p e r t y  data  need only  be read  i n  once and R ,  a ,  and - b need only 

be c a l c u l a t e d  once.  
- -  

Mr. H. G. Racke t t  prepared t h e  fo l lowing  computer program and 

c a1 c u 1 at  i on. 
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C PROGRAM TO CALCULATE C R I T I C A L  THROAT V E L O C I T Y  U S I N G  THE 
C R E D L l  CH-KWOtjG EQUATION O F  STATE (PAGE I OF 2) 
I 
L 

D I MENS ION GAS ( 3 )  
1 1  FORMAT ( 3 A 6 ,  F8 .3 ,  F 8 . 2 ,  F8 .3 ,  3F8.5, F7 .1 ,  F7.2, 1 

C 8 X ,  2HVX, 7 X ,  1t-11, 7 X .  2HPX 8X, 2 t i Z X ,  / I  
C ZHPY, 8 X ,  ZHZY,  9 X ,  11it1, Y X ,  2t1C", 8 X ,  1HI1, 7 X ,  4HDELS, / I  

16 FORMAT ( F38'5, 15,  1-12.3, 1 
F27.2, F 1 1 . 5 ,  I S ,  F 1 2 . 3 ,  F 1 0 . 5 ,  / I  

1 3  FORMAT ( 1H1, / / / / /  , 1 2 X ,  3A6 ,  3OX, I l t i P L E N I J M ,  T=, F8 .2 ,  

14 FORMAT ( / /  , 12X,  7HTt iROAT,,  L X ,  Z t iTY ,  8 X ,  ZHVY, 6 X ,  4 H J  

1 7  FORMAT 

C 1 3 H  DEG.R., P a ,  F7.2, 5H ATM., / / / ,  1 2 X ,  7t iPLENUM.. 4 X ,  2HTX 

K ,  5 X ,  

2 1  FORMAT [ F38.5, 17 ,  F59 .4 ,  1 
22 FORMAT ( F27.2, F11.5 ,  14 ,  13,  F10.3 ,  2 F 1 0 . 5 ,  2F10.2 ,  F9 .4 , /  

MRD E 5 
NWR = 6 

C 
C D E F I N I T I O N  O F  FI I l4CTIONS lJSF0 IN PROGRAM 

c: CPr)(T)  = ( CO + C l ' r T / 1 0 0 .  + C2;kT*T/10000. ) *RJ  
H n ( T )  = ( CO + C l * T / 2 0 0 .  + C?"T?kT/30000.  ) *T*RJ 

A B V T ( V  T )  = A * A L O G ( l  . + B / V ) / ( f l * S Q R T ( T ) * T )  
t i p (  V,T 

A K O ( T )  = CPO(T)  / ( C D O ( T )  - R )  

Ho -T 
S O ( T )  = (CO*ALOG(T/ lOO.  ) + C l " r / l  OO.+C2*T*T/20000. ) * R J  so ? 

a ln ( l+b /v )  /bTL5 
H-HO 

s-so f 
k = C:/Ct 

= B*R*T/ V-B)-A/(  (V+B)*SORT ( T )  )-1.5*ABVT ( V ,  T )*T 
S P ( V , T )  = R*ALOG[(V-R) /T)  - O . 5 I A B V T ( V , T )  

C 
C INTRODUCTION O F  I N P U T  DATA, S E T T I i K  OF CONSTANTS 

R J  = 770.17 
PJ = 2 i i 6 . i  
GC = 32.174 

W R I T E  (NWR, 13)  
R = 1 5 4 5 . 3  / AMW 
A = 0.4278*(R*TC)**2 * S Q R T ( T C ) / (  PC*PJ)  

PX = P P  * P J  
RT = R ;t T X  
R T P  = RT / PX 
AT  = A / SQRT(TX)  
APT = AT / PX 
AKOX = A K O ( T X )  

28 READ (NRD, 1 1 )  ( G A S ( I )  l =1 ,3 )  AMW, TC, PC, CO, 
( G A S ( I ) , I = 1 , 3 ) ,  TX ,  P P  

B = 0.0867 * R * T C / ( P C * P J )  

f t  lbf /Btu 
( l b f / f  t" ) /atm. 

g lbmft/sec"lbf  
c1, c2, Yi, P P  

f t  l b  / l b  OR 
R-K a ,  ( f t 4  lbf/lb;)OR . f %  

R-K b ,  f t y l b  
Po, Given, l b f 7 f t 2  

C 
C DETERMI N A T I O N  O F  VOLIJME IIJ PLENUM A T  G I V E N  TEMPERATURE AND PRESSURE 

VX = R T P  I n i t i a l  Estimate V O ,  f tylb,  

PX = RT/ (VX-O)  - AT/ (VX%b(VX+B))  ca lcu la ted  Po, l b f / f t "  
P = PX / P J  
I F  (ABS(PP-P)  .LT. 0.005) GO TO 3b P,(Given) - P,(calC.) ,  atm 
W R l T F  (NWR, 1 6 )  VX I P 

W R I T E  (NWR, 1 7 )  TX ,  VX, I ,  P ,  ZX 

DO 35 I 1, 15 

ca lcu la ted  Po, atm. 

3 5  v x  = R T P  ;t V X / ( V X - B ~  - ' A P T / ( V X + H )  V,, success ive  e s t imates  
3 8  ZX = VX -it PX / RT 

z O  

C 

.F p l u s  undetermined in tegrat ion  constant 
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1 C PROGRAM TO CALCULATE C R I ?  IC;\L TI IROAT V F L O C I T Y  U S I R G  THE 
(PAGE 2 OF 2) I C R E D L I  C H - I W H G  EQUATIOFI O F  S T A l E  

D E T E R M I N A T I O N  OF TEM’ERATURE I N  THROAT THAT G I V E S  MACH NUMBER EQUAL U N I T Y  
C 
C 

HPOX = HP VX,TX) + HO(TX)  Ho, f t .  lbf/lbm 
SPOX = SP[VX,TX) + SO(TX)  So, f t .  lbf/lb,#R i 
W R I T E  (NWR, 1 4 )  
T Y  = T X  / 1. + (AKOX-1.)/2.) T*, I n i t i a l  Eat .  OR 
VY = VX * ~ ( A K O X + 1 . ) / 2 . ) * * ( 1 . / ( A K O X - I . ) )  V*, I n i t i a l  E s t .  f t 3 / l b m  
DO 55 J = 1 ,  1 0  

C 
C DETERMI N A T I O N  OF VOLUME I N  THROAT THAT G I V E S  ZERO ENTROPY DIFFERENCE 
C A T  ASSUMED THROAT TEMPERATURE 

SPOXY = SPOX - S O ( T Y )  
RT = R * T Y  RT* 
A T  = A / S R T ( T Y  a /T*@ 
A 2 t  AT / (I2.*TY{ a /2T*” 
DO 45 K = 1, 1 0  

I F  (ABS(DELS)  .LT. 0.0005) GO TO 48 
WRITE (NWR, 21) VY, K ,  DELS 

SO-S:, f t . lb f / lb ,% + 

DELS - SPOXY - SP(VY,TY)  AS (So-&), f t  lbf / lbzR 

DSDV R/ (VY-B)  + A Z T / ( V Y * ( V Y + B ) )  
45 VY - VY + DELS/DSDV Vx, success ive  e s t imates  

48 DELH = HPOX - HP(VY,TY)  - HO(TY)  AH (€b-&t), f t  lb f / lb ,  
C 

U 2  = 2. * GC * DELH 
U = SQRT(U2)  u ,  Throat V e l o c i t y ,  f t / s e c  
CVY E CPO(TY) - R + 0.75*ABVT(VY,TY) 
RTVB RT * VY/(VY-B)  RT*V*/(v*-b) 
AVBT = A / ( ( V Y + B ) * S Q R T ( T Y ) )  
CY2 = GC * ( RTVB*VY/( VY-B) - ( 1  .+VY/( VY+B) )*AVBT 

CY = SQRT(CY2) c*, speed o f  sound i n  throat ,  f t / s e c  
AM = U / CY M, Mach Number 
P Y  - RT/(VY-B) - AT/ (VY* (VY+B) )  P*, c a l c u l a t e d ,  l b f / f t a  
P = PY / PJ P*, ca lcu la ted ,  Atm 

W R I T E  (NWR, 2 2 )  TY, VY, J, K,  P, ZY, AM, CY, U, DELS 

I F  (ABS(DELM) .LT. 0.00001: GO TO 28 

(Cv)*, f t  lbf/lb,oR 

a /  (v*+b)T*O5 

C + ( l . / ( C V Y * T Y ) )  * (RTVB + AVBT/2 . ) * *2  ) 

ZY = VY * PY / RT 2* 

DELM = 1. - AM AM 

DTDM E - T Y * ( T Y / T X )  * (AKO(TY)- l . )  ( dT* /dM) ;* 
55 T Y  E T Y  + DELM*DTDM T* = Successive Estimates 

C 
END 

T plus undetermined in tegrat ion  cons tant .  
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